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Abstract

An example is given of a flow past two bodies with two trapped point vortices so that the pressure is constant over t
body surface and the flow has no stagnation points. The flow is constructed from the flow past a pair of counter-rotating
by replacing the stagnation points with stagnation regions of constant pressure following the Chaplygin concept. The s
regions are then interpreted as bodies. The demonstration of the possibility of a flow without adverse pressure gradien
walls and without stagnation points adjacent to closed-streamline regions is important for the high-Reynolds-number as
theory of flows with trapped vortices.
 2004 Elsevier SAS. All rights reserved.
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1. Introduction

A problem of an ideal fluid flow past a body is normally formulated for a given body shape. The velocity and pr
distribution over the body surface is obtained from the solution. An inverse problem consists in determining the body s
a given velocity or pressure distribution over the body surface. Inverse formulation is interesting because the velocity dis
determines the circulation and, via the Joukowski theorem, the lift, within the ideal fluid flow model. Velocity and press
related by the Bernoulli equation, so that prescribing the velocity is equivalent to prescribing the pressure and vice v
important to prescribe such a velocity distribution so that the viscous boundary layer does not separate under the ac
corresponding pressure gradient. A boundary layer can separate only if the pressure increases along the surface in th
of the flow. For this reason it is interesting to prescribe a favourable pressure gradient throughout, that is, such a
distribution that the pressure only decreases in the direction of the flow over the entire body surface. This pressure
distribution can have non-zero circulation and, therefore, can produce lift. However, according to the Stepanov theore
when the pressure gradient is favourable throughout or neutral (that is zero) the solution of the inverse problem inevita
the body contour with self-intersections.

It is possible to overcome the obstacle posed by the Stepanov theorem by extending the class of flows under con
from purely potential flows to flows with trapped vortices. The simplest model of a flow with a trapped vortex is the po
flow past a body with a point vortex positioned in the flow field in such a way that its velocity is zero. The entire fl
therefore steady. Numerous examples of such flows have been considered [4–6]. An idea of such a flow can be seen
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where there are two trapped vortices. It has been demonstrated [7] that if a flow with a single trapped vortex has only fa
or neutral pressure gradient over the entire body surface, the region of closed streamlines that contains the vortex h
an unrealistically complicated shape. Because of this, it seems quite likely that such flows simply do not exist. An exa
a flow with two trapped vortices and with a favourable pressure gradient over the entire body surface was given in [3
example the body had non-zero volume and generated lift, thus proving, in principle, that such flows are possible.

In the case of a non-separated flow past a streamlined body, the viscosity effects are concentrated in the thin boun
and in the wake. If it can be ensured that the boundary layer does not separate and that the wake does not break
general scheme of the inviscid flow is consistent with high-Reynolds-number asymptotics of the viscous flow. Break
the wake can happen when the wake is under the action of an unfavourable pressure gradient. For example, this is the
there are two streamlined bodies with a common symmetry line parallel to the main flow direction. If the downstrea
does not have a sharp leading edge, a stagnation point should form in an inviscid flow on its upwind surface. The veloc
symmetry line of the wake is always less than the velocity at the edge of the wake, where it is equal to the velocity of the
flow. Since the latter tends to zero as the stagnation point of the inviscid flow is approached, the velocity on the symm
will become zero somewhere upstream from the stagnation point. This creates a singularity in the wake [14], which
reversal of the flow and the necessity to change the entire scheme of the inviscid flow. Wake breakdown is a well-kn
rare phenomenon. In fact, the same physical mechanism often leads to the breakdown of the so-called recirculating
layers which are characteristic of flows with trapped vortices. A recirculating boundary layer consists of the boundary
the part of the body surface which is in immediate contact with the closed streamline region, and the mixing layer that
along the separating streamline. Chernyshenko [15] (see also [7]) showed that velocity profile of a recirculating bound
always contains a region where the velocity is less than the velocity of the inviscid flow at the edge of the layer and,
recirculating boundary layer inevitably develops singularities if the inviscid flow at the edge of the layer has a stagnatio
Such a flow cannot therefore be a consistent limit of the viscous flow as the Reynolds number tends to infinity: ins
entire scheme of the inviscid flow has to be modified.

While the flow constructed in [3] has a favourable pressure gradient over the entire body surface, it also has a s
point at the rear of the region of the closed streamlines. Therefore, the recirculating boundary layer would develop a s
in that flow. The present paper describes an example of such a configuration where the pressure gradient is neutral o
solid boundaries and at the same time there are no stagnation points in the flow.

The idea of the present study is simple. Chaplygin [16] pointed out that any stagnation point in the potential flow
replaced with a small stagnation zone, that is, with a region of constant pressure bounded by free streamlines. We app
to a flow with two trapped vortices, and interpret the stagnation regions as bodies. Naturally, in this case the pressur
entire body surface is constant. To produce an explicit example, we take a steady flow past a pair of counter-rotating
and replace the two stagnation points that are present in this flow with stagnation regions, or bodies.

The flow is modelled by point vortices and potential flow. The study is carried out according to classical technique
on complex potential definition, hodograph representation and conformal mapping.

2. Chaplygin cusp and hodograph representation

Briefly, the Chaplygin idea [16] is represented by the streamline patterns shown in Fig. 1. The potential flow impin
a flat wall is considered. The stagnation point in Fig. 1(a) is replaced in Fig. 1(b) by a body of fluid at rest bounded by
streamline arcsC-B andC-D.

(a) (b)

Fig. 1. (a) Stagnation flow. (b) Chaplygin cusp.
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Fig. 2.ψ = 0 streamline on complexw andwC planes.

Fig. 3. Hodograph plane.

The shape of the free streamlines can be determined by means of the hodograph plane method (see for instance [
Let w = z2 be the complex potential of the flow impinging on an infinite wall, with the wall represented by the rea

and the flow taking place on the upper half-plane of the complexz-plane (withz = x + iy), as shown in Fig. 1a. The stagnati
streamlineψ = 0 coincides with the real axis ofw-plane. As shown in Fig. 2,w-plane presents a branch cut on the posi
real axis, with its upper and lower sides corresponding to the right and left portions of the wall, split by the stagnatio
respectively.

For a proper potentialwC , Fig. 2 is representative ofψ = 0 streamline of Fig. 1(b) as well. On the hodograph dwC/dz-plane,
the C-B andC-D free streamline arcs are constant velocity lines, that is circular arcs centered on the origin, while th
portionsI -B andD-I are straight lines, as shown in Fig. 3.

Fig. 2 can be mapped onto Fig. 3 by means of the analytic function

dwC

dz
= i

√−wC + √
wC − 1,

hence, integrating

dz

dwC
= 1

i
√−wC + √

wC − 1

provides thez = z(wC) relationship

z =
(

2

3
− 2wC

3

)√−1+ wC + 2i

3

√−wC wC + const

that allowsC-B andC-D arc shapes to be determined.
Chaplygin was the first to point out that, since in the vicinity of the stagnation point any potential flow is similar

flow considered in this section, if there exists a potential flow with a stagnation point then there exists a similar flow
constant-pressure region bounded by free streamlines instead of the stagnation point.

3. Inverse problem solution for the vortex pair flow

The idea of the present study is simple. Chaplygin’s concept is applied to the flow due to a vortex pair standing in equ
in an incoming uniform flow. Following Chaplygin’s idea, the two stagnation points of this flow are replaced by two bo
fluid at rest. These fluid bodies can hence be interpreted as solid bodies capable of trapping a vortex pair in a flow
there are no stagnation points and the pressure on the body surfaces has a constant distribution. The flow field is s
Fig. 4, with the diamond shaped bodies representing the solid bodies trapping the vortices.

In the pure vortex pair flow with prescribed vortex locations, the vortex pair stands in equilibrium only for a certain r
the vortex circulation to the velocity at infinity. As it will be shown in what follows, there is a one-parameter family of
shapes capable of trapping a vortex pair, and for each body geometry the vortices remain stationary also only for a cer
of the ratio of the circulation to the velocity at infinity.

The study is carried out using the classical techniques based on complex potential definition, hodograph represen
conformal mapping.
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Fig. 5. Hodograph dw/dz-plane.

Let assume the physical plane sketched in Fig. 4 as the complexz-plane. The figure is symmetrical with respect to the r
and imaginary axes. PointI is located at infinity. We want to design the arcsBC andCD for a vortex standing at pointA, with
circulationγ < 0 and asymptotic flow velocityq∞, in a way that the flow velocity is constant(|q| = q0) along them.

In order to express the problem in a non-dimensional form, let us assumeqref = q0 as the reference velocity and the quant
lref = |γ |/(2πq0) as the reference length. From now on, all the quantities will be considered as normalised with respect
reference values. Specifically, the normalised flow velocity along theBC andCD arcs is|q| = 1 and the normalised vorte
circulation isγ = −2π .

Fig. 5 shows the contour corresponding to theAOBCDIEA line of thez-plane on the hodograph dw/dz-plane. PointA is
the vortex location and, as a consequence, is located at infinity of the hodograph plane.

Fig. 6 shows theAOBCDIEA line mapped onto the complex potentialw = ϕ + iψ plane. The pointsE,C,B,O,D, I

belong to the sameψ = ψO streamline, withϕO − ϕE = γ /2. Line AEI is mapped onto the constant potential lineϕ = ϕE

that extends fromψA = −∞ to ψI = +∞ and lineOA is mapped onto the constant potential lineϕ = ϕO that extends from
ψA = −∞ to ψO .

Both theAOBCDIEA contours of the dw/dz-plane and thew-plane can be mapped onto the real axis of an auxil
λ-plane, as shown in Fig. 7.

The mapping from the dw/dz plane to theλ-plane can be obtained by using the Joukowski transformation

λ = 1

2

(
dw

dz
+ 1

dw/dz

)
whose inverse is

dw

dz
= λ +

√
λ2 − 1. (1)

The mapping from thew-plane to theλ-plane can be accomplished by using the Schwartz–Christoffel transformation
contour ofw-plane can be in fact seen as a polygon with verticesA,O,C, I (A,I located at infinity) and with angleŝA = π ,
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Fig. 7.λ-plane.

Ô = π/2, Ĉ = −π , Î = 3/2π . The Schwartz–Christoffel transformation maps the polygon contour onto the real axis ofλ-plane
and its interior onto the upper halfλ-plane. The mapping derivative is

dw

dλ
= −i

λ − λC√
(λ − λO)(λ − λI )3

, (2)

whereλO , λC , λI are the images of the verticesO,C, I on the real axis ofλ-plane, their values define the polygon side leng
From (1) and (2), we obtain

dz

dλ
= dw

dλ

/dw

dz
= −i

λ − λC√
(λ − λO)(λ − λI )3(λ +

√
λ2 − 1)

, (3)

whose integration

z(λ) =
∫

dz

dλ
dλ (4)

provides a parametric representation of the cusp shape.

4. Determination of the λO , λC , λI parameters

According to the previous analysis, there are threeλO , λC andλI parameters to be found. In order to make Figs. (4),
and (6) consistent, they have to satisfy the constraints:

λO � −1, −1� λC � 1, λI � 1. (5)

In what follows it is shown that the vortex equilibrium condition prescribes the relationship 3λI − 2λC + λO = 0 and, as a
consequence, the problem has two degrees of freedom. It is also shown that the condition that linesO − B andD − I of Fig. 4
belong to the same axis, that is, Im(zB) = Im(zD), implies a further relationship between the parameters and therefor
problem that satisfies this condition has one degree of freedom. A solution with Im(zB) greater (less) than Im(zD) is in fact
consistent with Fig. 5, but they-symmetry of the flow implies that the lineO − B (D − I ) has to be considered as a solid w
with non-constant velocity on it. Therefore, as a consequence of thex-symmetry, an adverse pressure gradient will be pre
on this solid wall.

In order to discuss the vortex equilibrium condition, we determine the transformationz = z(ζ ) that maps the upper flow
region of thez-plane that is represented in Fig. 4 onto the upper half of theζ -plane in such a way thatζO = 0 andζI = ∞. The
transformation can be expressed as a mapping chainz → λ → ζ , or in equivalent form, as a parametric representationz = z(λ),
ζ = ζ(λ), where the complex variableλ is the parameter.
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Fig. 8.ζ -plane.

The mappingz = z(λ) has already been determined, it is given by (4). The transformationζ = ζ(λ) is given by the mapping

ζ = i

√
λ − λO

λ − λI
, (6)

which maps the upper half of theλ-plane onto the upper right quarter of theζ -plane with the streamlineOBCDI and its
symmetric upstream portion of thez-plane mapped onto the real axis ofζ -plane. PointO is mapped onto the origin atζ = 0,
pointI at infinity is mapped onto the point at infinityζ = ∞ and the vortex locationA is mapped ontoζ = i, as shown in Fig. 8

The complex potentialw on theζ -plane is the potential due to a vortex with circulationγ = −2π located atζ = i, to its
reflected image with respect to the real axis and to an asymptotic uniform flow, that is:

w = Q∞ζ + i log

(
ζ − i

ζ + i

)
(7)

with

Q∞ = q∞ lim
ζ→∞

dz

dζ
,

where, according to (1),q∞ = λI +
√

λ2
I

− 1.
The complex velocity on the transformedζ -plane is therefore

dw

dζ
= Q∞ + i

(
1

ζ − i
− 1

ζ + i

)
. (8)

The mapping derivative dz/dζ = (dz/dλ)/(dζ/dλ) can be expressed parametrically as a function ofλ, that is, according to
(3) and theλ-derivative of (6):

dz

dζ
= 2

λ − λC

(λ +
√

λ2 − 1)(λI − λO)
, (9)

therefore

Q∞ = q∞ lim
λ→λI

dz

dζ
= 2

λI − λC

λI − λO
.

According to the Routh rule [18,19], the velocity of the vortex located atzA is expressed by:

żA =
[
ζ ′
A − γ d

(
log

dz
) ](

dζ
)

, (10)

4π i dζ dζ ζ=i dz ζ=i
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whereζ ′
A

is the velocity a free vortex with circulation−2π located atζ(zA) = i would have on theζ -plane, that is

ζ ′
A = Q∞ − 1

2
= 3λI − 4λC + λO

2(λI − λO)
. (11)

As

d

dζ

(
log

dz

dζ

)
ζ=i

= lim
λ→∞

d
dλ

(log(dz/dζ ))

dζ/dλ
= 2i

λC

λI − λO

the vortex equilibrium conditioṅzA = 0 yields

3λI − 2λC + λO = 0. (12)

The condition that theO −B and theD −∞ lines are aligned on the same axis is expressed by the condition Im(zB) = Im(zD),
that is, according to (3)

Im

( λD∫
λB

dz

dλ
dλ

)
=

1∫
−1

(λC − λ)
√

1− λ2√
(λ − λO)(λI − λ)3

dλ = 0, (13)

which can be expressed analytically by means of elliptic functions. This condition can be set in the formλC = λC(λI ) or
λO = λO(λI ) by numerical evaluation onceλO or λI is replaced by means of (12). Plots ofλC(λI ) andλO(λI ) are shown in
Fig. 9. FunctionλC(λI ) is monotone and positive, and limλI →∞ λC = 0. Moreover, since the integrand in (13) is positive
λ < λC , condition (13) cannot be satisfied forλC = 1. Therefore, the intervals in which (13) can be satisfied are

λO < −1, 0< λC < 1, 1< λI . (14)

5. Examples

The first example shown in Fig. 10 is relevant to a generic cusp that obeys the vortex equilibrium condition (12) a
not comply with the Im(zB) = Im(zD) condition (13). The parameter choice isλI = 1.5, λC = 0 and, according to (12)
λO = −4.5. The cusp geometry has been obtained by numerical integration of (3). The vortex locationzA has been determine
by evaluating the integral

zA =
i∫

0

dz

dζ
dζ,

where dz/dζ is given by (9) and is expressed as a function ofζ by inverting (6).
Enforcing condition (13) for the same choice ofλI = 1.5, the other two parameters areλC = 0.258863 andλO = −3.98227.

The resulting cusp geometry and velocity distribution are shown in Figs. 11 and 12, respectively.
As stated in the previous section, there is a one-parameter family of cusps that satisfies both conditions (12) and

can be represented by the choice ofλI > 1. The larger theλI value is, the smaller the| Im(zC)/zA| ratio results. Fig. 13 show
the cusp geometry forλI = 20. It can be inferred that forλI → ∞ the cusp tends to vanish and the flow field tends to the p
vortex pair flow with a stagnation point inλC .

On the other hand, forλI → 1 the cusp geometry tends to a closed cavity as Fig. 14, pertinent toλI = 1.001, shows.
One could think of designing a trapping vortex cavity with constant pressure along its solid wall by choosingλO = −1 and

as a consequence of (12) and (5)λC = λI = 1. This is a singular parameter set which should be considered as a limit.
condition (13) is relaxed, one can takeλ = 1 and the limit cusp configuration forλ → −1 can be considered. By choosin
C O
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Fig. 10. Cusp shape and vortex location forλI = 1.5, λC = 0 andλO = −4.5.

Fig. 11. Cusp shape and vortex location forλI = 1.5, λC = 0.258863 andλO = −3.98227.

Fig. 12. Flow velocity distribution forλI = 1.5, λC = 0.258863 andλO = −3.98227.

Fig. 13. Cusp shape and vortex location forλI = 20,λC = 0.0164 andλO = −59.967.

Fig. 14. Cusp shape and vortex location forλI = 1.001,λC = 0.751 andλO = −1.5.

λO close to−1, it is possible to infer that the cusp tends to the trivial configuration shown in Fig. 15, that is a vortex
center of a closed circular cavity and a uniform flow tangent to the cavity.

The flow configuration forλC = 1, λO = −1.015 and, according to (12),λI = 1.005, shown in Fig. 16, supports th
conjecture.

In order to give a complete picture of the flow field streamlines, direct numerical integration of the dw/dz is not convenient
A complete picture of the flow field once the solid wall shape is computed, is preferably obtained by mapping the uppe
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Fig. 15. Limit configuration forλO = −1, λC = 1 and
λI = 1.

Fig. 16. Cusp shape and vortex location for
λC = 1, λO = −0.015 andλI = 1.005.

Fig. 17. Streamline pattern and body shape forλI = 1.5, λC = 0.258863 andλO = −3.98227.

of thez-plane bounded by the cusp outside the unit circle of the complexσ -plane. In short, the mapping chainz → µ → ν → σ

is used with

µ = z + c

z − c
,

ν − 1

ν + 1
=

(
µ − µC

µ + µC

)2
, ν = b + σ exp

∞∑
j=0

aj σ−j ,

whereaj , b, andc are constants. The third equation is the Theodorsen–Garrick transformation, where theaj coefficients are
determined according to a trial and error process as described by Ives [13], whileb andc are arbitrary and chosen in such a w
thatσI = −1, σO = 1, Im(σA) = 0. The complex potential on theσ -plane is therefore

w = iM

σ + 1
+ i log

(
σ − σA

σ − 1/σA

)
with M determined by the Kutta condition(dw/dσ)σC = 0. The correctness of the process can be checked by verifying
(dw/dσ)/(dz/dσ) is equal to dw/dz computed by (1) at the cusp points.

The streamline pattern pertinent to the cusp geometry of Fig. 11 is represented in Fig. 17 on the entirez-plane.

6. Concluding remarks

The constructed flow has a plane of symmetry parallel to the flow direction at infinity. For this reason the bodies
generate lift. However, it seems obvious that, in principle, lift can be generated simply by prescribing non-constant
(but with favourable a gradient) and deviating from symmetry.

Strictly speaking, a boundary layer can remain attached even when the pressure increases in the direction of th
order to determine whether separation has occurred one needs to calculate the boundary layer. The advantage of a co
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with a favourable pressure gradient consists in the possibility of ensuring an attached flow without the analysis of the
boundary layers. Similarly, it is possible to construct flows with trapped vortices which are valid high-Reynolds-numbe
of certain viscous flows even when there are regions of the adverse pressure gradient, and also similarly, it is conven
able to ensure the absence of separation/breakdown of thin viscous layers without analysing them in detail.

Naturally, the model of an ideal fluid flow with trapped point vortices is rather far from reality. The model of ideal flu
be used only at high Reynolds numbers, but then the flows with eddies should be expected to be unstable. On the o
flow stability depends on the geometry, and stabilisation with active control is a possibility, however these aspects
beyond the scope of the present study. More information on stability and control of flows with trapped vortices can be
the literature [8–12].

Even within a limited scope of steady flows, trapped point vortices remain a very idealised model. A viscous flo
trapped vortices would tend to a Batchelor-model flow [7]. However, as far as a demonstration, in principle, of the poss
a certain type of a flow is concerned, point vortices are a legitimate tool. The results that have been obtained demon
there is no general theorem, like the Stepanov theorem or the theorem concerning flows with a single trapped vortex
Bunyakin et al. [7], which would not allow construction of flows with a favourable pressure gradient on the solid bou
and without stagnation points on the eddy boundary. These two requirements are the only major limitations impose
inviscid flow by the high-Reynolds-number asymptotic theory of viscous flow with trapped vortices. Therefore, the o
result demonstrates that it is possible to construct families of inviscid flows with trapped vortices which can contain
high-Reynolds-number limit of the viscous flow without detailed analysis of viscous effects.
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